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Abstract
We determine the symmetry groups under which the charged-lepton and the
Majorana-neutrino mass terms are invariant. We note that those two groups al-
ways exist trivially, i.e. independently of the presence of any symmetries in the
Lagrangian, and that they always have the same form. Using this insight, we re-
evaluate the recent claim that, whenever lepton mixing is tri-bimaximal, S4 is the
minimal unique horizontal-symmetry group of the Lagrangian of the lepton sector,
with S4 being determined by the symmetries of the lepton mass matrices. We dis-
cuss two models for tri-bimaximal mixing which serve as counterexamples to this
claim. With these two models and some group-theoretical arguments we illustrate
that there is no compelling reason for the uniqueness of S4.
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1 Introduction
The fermion mass and mixing problem is still unsolved after decades of research. The
study of this problem has acquired a new impetus after the experimental confirmation of
neutrino oscillations, through the resulting information on neutrino masses and on lepton
mixing—see [1] for recent fits to the data. Remarkably, lepton mixing seems to be well
described by the lepton mixing matrix
UHPS =


2
/√
6 1
/√
3 0
−1 /√6 1 /√3 −1 /√2
−1 /√6 1 /√3 1 /√2

× diag (1, eiβ2/2, eiβ3/2) , (1)
where β2 and β3 are the so-called Majorana phases. This conjecture of highly symmetric
tri-bimaximal mixing (TBM) was made by Harrison, Perkins and Scott (HPS) in 2002 [2]
and has strongly stimulated model building since then—for recent reviews see [3]. It
has also been hypothesized that the mixing problem might be decoupled from the mass
problem [4, 5], i.e. that a lepton mixing matrix U = UHPS could result from a model with
a horizontal-symmetry group G which, however, leaves the lepton masses arbitrary.
Recently, it has been argued by C.S. Lam [6, 7, 8] that TBM uniquely determines S4—
the group of the permutations of four objects and the symmetry group of the cube and of
the regular octahedron—as the minimal family-symmetry group G of the leptons.1 Lam’s
argument was based on the idea that the symmetries of the mass matrices Mℓ and Mν
of the charged leptons and the light neutrinos, respectively, must reflect the symmetries
of the underlying Lagrangian which leads, without tuning of parameters, to those mass
matrices; therefore, the horizontal-symmetry group of the Lagrangian must be the one
generated by the symmetries of Mℓ together with those of Mν .
In this paper, we scrutinize this claim by first performing—in section 2—a general
study of the symmetries of the lepton mass terms, i.e. allowing for a general mixing
matrix U . We point out that those symmetries of the mass matrices always exist, always
have the same group structure and must therefore be physically empty. In section 3
we proceed to outline the arguments in [6, 7, 8] leading to G = S4. We then present,
in section 4, two models which predict TBM but do not conform to the idea that the
symmetries of Mℓ and Mν are also symmetries of the Lagrangian. The conclusions of this
paper are presented in section 5.
2 The symmetries of the fermion mass matrices
We shall assume that the light left-handed neutrinos νL are Majorana particles. The mass
terms of the charged leptons ℓ and of the light neutrinos are then given by
Lmass = −ℓ¯LMℓℓR − ℓ¯RM †ℓ ℓL + 12
(
νTLC
−1MννL − νLM∗νCνLT
)
, (2)
1An early precursor of a TBM model with horizontal-symmetry group S4 can be found in [9]; more
recent S4 models for TBM are given in [10]. Other S4 models are found in [11].
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where C is the charge-conjugation matrix in Dirac space. The matrixMν (in family space)
is symmetric. Since Mℓ is not necessarily Hermitian, it is convenient to work instead with
Hℓ = MℓM
†
ℓ , (3)
having in mind that the νL and ℓL are united in gauge-SU(2) doublets. We shall assume
that there are only three charged fermions and light neutrinos. The mass matrices are
diagonalized as
U †ℓHℓUℓ = diag
(
m2e, m
2
µ, m
2
τ
)
, (4)
UTν MνUν = diag (m1, m2, m3) , (5)
where the mα (α = e, µ, τ) and the mj (j = 1, 2, 3) are real, non-negative and non-
degenerate. The lepton mixing matrix is given by
U = U †ℓUν . (6)
Denoting the columns of Uℓ by uα, i.e. Uℓ = (ue, uµ, uτ), equation (4) can be cast in
the form
Hℓuα = m
2
αuα. (7)
Since Uℓ is unitary, u
†
αuβ = δαβ and
∑
α uαu
†
α = 13, where 1n is the n × n unit matrix.
Now consider the 3× 3 matrix
Sℓ (θe, θµ, θτ ) =
∑
α
eiθαuαu
†
α. (8)
Because of the unitarity of Uℓ,
Sℓ (θe, θµ, θτ )Sℓ
(
θ′e, θ
′
µ, θ
′
τ
)
= Sℓ
(
θe + θ
′
e, θµ + θ
′
µ, θτ + θ
′
τ
)
(9)
and
Sℓ (θe, θµ, θτ ) uα = e
iθαuα. (10)
Moreover,
S†ℓ (θe, θµ, θτ )Hℓ Sℓ (θe, θµ, θτ ) = Hℓ. (11)
This means thatHℓ has a U(1)×U(1)×U(1) symmetry. Notice that this U(1)×U(1)×U(1)
symmetry of Hℓ always exists—it is completely independent of the specific form of Hℓ and
of the specific weak basis that we choose to work in. The symmetry may be reduced to
U(1)× U(1) if we make the additional requirement Sℓ (θe, θµ, θτ ) ∈ SU(3), in which case
we must restrict ourselves to θe + θµ + θτ = 0.
We proceed to study the symmetries of Mν . We write Uν = (u1, u2, u3). Then u
†
juk =
δjk and
∑
j uju
†
j = 13. The diagonalization equation (5) means that
Mνuj = mju
∗
j . (12)
Defining
Sν (a1, a2, a3) =
∑
j
ajuju
†
j (13)
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with a1,2,3 = ±1, it is obvious that S2ν (a1, a2, a3) = 13 and that
STν (a1, a2, a3)Mν Sν (a1, a2, a3) = Mν . (14)
Therefore, the Majorana mass matrix has Z2 × Z2 × Z2 symmetry. The existence of
this symmetry is completely independent of the specific form of Mν . We may require
Sν (a1, a2, a3) ∈ SU(3), in which case we must impose the condition a1a2a3 = 1 and the
symmetry reduces to Z2 × Z2.
Let us dwell a bit longer on the form of Sν (a1, a2, a3) in the SU(3) case. If one
chooses one of the aj to be positive while the other two are negative, one obtains the
three matrices [6]
Gj = −13 + 2uju†j. (15)
These matrices have eigenvectors and eigenvalues given by
Gjuj = uj, (16)
Gjuk = −uk for k 6= j. (17)
The set {1, G1, G2, G3} of symmetries of Mν [6, 7, 8] forms a Klein four-group [12], with
the properties
G2j = 13 ∀j, (18)
GjGk = GkGj = Gl for j 6= k 6= l 6= j. (19)
Klein’s four-group is Abelian and isomorphic to Z2 × Z2.
We stress that the symmetries of Hℓ and Mν discussed in this section are devoid of
any physical content. They are mere mathematical consequences of the diagonalizability
of the mass matrices.
3 On the claim that S4 is the minimal symmetry
group of TBM
3.1 The assumptions
It has been argued in [7, 8] that
The minimal finite family-symmetry group G yielding tri-bimaximal mixing
(TBM) in the lepton sector is uniquely given by S4.
Let us comment on the assumptions used in [7, 8]. Apart from taking for granted three
lepton families and assuming that the left-handed charged-lepton and neutrino fields form
doublets of the gauge group SU(2), a main ingredient is the Majorana nature of the light
neutrinos. This is actually an experimental question, but there are many theoretical
prejudices in favour of the Majorana nature of neutrinos, stemming from the seesaw
mechanism2 and from Grand Unified Theories. Of course, also TBM is an experimental
2On the other hand, one must keep in mind the fact that Dirac neutrino masses may also be suppressed
by one or more type II seesaw mechanisms acting on the vacuum expectation values of Higgs doublets [13].
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question; a measurement of a non-zero Ue3 may be forthcoming in the near future and
would challenge TBM.3 On the group-theoretical side, the main assumption [8] is that G
is a finite subgroup of U(3). The left-handed-lepton gauge doublets are put in a three-
dimensional irreducible representation (irrep) of G, because it had been demonstrated
in [6] that this is necessary to enforce TBM. The finiteness of G is a simple means of
avoiding Goldstone bosons, but it excludes continuous horizontal-symmetry groups like
SO(3) [14] and SU(3) [15].
Since a horizontal- or family-symmetry group is responsible for TBM, this means that
TBM only holds at the tree level and is therefore only approximate. Indeed, the different
charged-lepton masses will always require a breaking of G and TBM will hence be modified
by radiative corrections. In [7, 8] the breaking of G was assumed to be spontaneous but,
as far as we can see, soft breaking is also in accordance with the reasoning in those papers.
In that case, G would be a symmetry only of the dimension-four terms in the Lagrangian.
The most important ingredient of [6, 7, 8] is the prescription for the determination of
G from the symmetries of Mℓ and Mν . The details of that prescription may be subsumed
in the following way. In the weak basis where Hℓ is diagonal, Uℓ is diagonal as well and
Uν = UHPS.
4 In that weak basis, the matrices of equation (15) are given by
G1 =
1
3

 1 −2 −2−2 −2 1
−2 1 −2

 , G2 = 13

 −1 2 22 −1 2
2 2 −1

 , G3 =

 −1 0 00 0 −1
0 −1 0


(20)
and Sℓ (θe, θµ, θτ ) is a diagonal phase matrix. It is claimed in [6, 7, 8] that
The horizontal-symmetry group G must be generated by the three Gj of equa-
tion (20) together with only one matrix Sℓ (θe, θµ,−θe − θµ) ∈ SU(3), with a
specific choice of the phases θe and θµ such that G turns out to be finite.
It had previously been stressed by other authors—see for instance [5, 16, 17]—that pre-
dictions for lepton mixing hinge on the separate breaking of G to different subgroups in
the charged-lepton sector and in the neutrino sector. The above claim amounts to saying
that this also works in the opposite way: the symmetries of Mν may be put together with
one of the symmetries of Hℓ to uncover the minimal G.
In order to better appreciate the vast consequences of this crucial point in the argu-
mentation of [6, 7, 8], we list some of its implications:
• The minimal group G is independent of the mechanism for small neutrino masses. If,
for instance, that mechanism is the type I seesaw mechanism [18], then the number
of right-handed neutrino singlets, and the representation of G in which one chooses
to place them, have no bearing on the determination of G itself.
3It is possible, though, that TBM holds at a high (seesaw) energy scale but large deviations from
it result, if neutrino masses are almost degenerate, from the renormalization-group evolution of mixing
down to the Fermi scale.
4We assume that a rephasing of the charged-lepton fields has been performed in order to eliminate
unphysical phases which might otherwise be present to the left of UHPS.
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• The same holds for the scalar content of any theory with TBM at the tree level.
According to the above claim, the number and transformation properties of the
scalar fields under G are irrelevant for the determination of the minimal G.
• Implicitly, the claim also implies that any alignment of vacuum expectation values
(VEVs) required for obtaining TBM can be achieved without parameter tuning in
the model’s scalar potential [7].
3.2 TBM and S4
We next outline how one arrives at S4 following the reasoning in [6, 7, 8]. It is convenient
to simplify the matrices Gj of equation (20) by transforming them to a different weak
basis. We define
Uω =
1√
3


1 1 1
1 ω ω2
1 ω2 ω

 with ω = e2iπ/3 (21)
and perform the basis transformation Gj → G˜j = UωGjU †ω. We find
G˜1 =

 −1 0 00 0 1
0 1 0

 , G˜2 =

 1 0 00 −1 0
0 0 −1

 , G˜3 =

 −1 0 00 0 −1
0 −1 0

 . (22)
In [7, 8] it was argued that the minimal (finite) G leading to TBM is generated by the
matrices Gj of equation (20) together with
F = Sℓ
(
0,−2π
3
,
2π
3
)
= diag
(
1, ω2, ω
)
. (23)
We may transform F as
F → F˜ = UωFU †ω =

 0 0 11 0 0
0 1 0

 . (24)
The group generated by G1,2,3 and F is the same as the one generated by G˜1,2,3 and F˜ . It
is clear from Appendix A that F˜ and the three G˜j generate the three-dimensional irrep
3′ of S4. Its concrete realization is
(12)→ G˜1, (12)(34)→ G˜2, (34)→ G˜3, (234)→ F˜ . (25)
3.3 The groups generated by F˜ and one of the G˜j
Let us for the time being assume that the argumentation in [6, 7, 8] is sound and that it
indeed leads to the minimal symmetry groups describing specific mixing cases.
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We firstly consider bimaximal mixing, i.e. the situation in which the third column of
U is
u3 =
1√
2


0
−1
1

 , (26)
while the other two columns of U are orthogonal to u3 but otherwise arbitrary. The
minimal group leading to this situation should be the one generated by G˜3 and F˜ ; this is,
following (25), S3—the permutation group of the numbers 2, 3 and 4. Thus, S3 should be
the minimal finite family-symmetry group of a model which enforces bimaximal mixing
without having recourse to tunings.
Let us secondly perform the same exercise for trimaximal mixing, i.e. for the situation
in which the second column of U is
u2 =
1√
3


1
1
1

 (27)
and the other two columns are arbitrary. The symmetry group of this situation should
be the one generated by G˜2 and F˜ . According to (25) this is A4—the group of the even
permutations of four numbers.
Finally let us investigate what is the group generated solely by G˜1 and F˜ . It is easy to
convince oneself that this is the full S4. We reach the surprising conclusion that, according
to the reasoning in [6, 7, 8], the minimal finite G of a model predicting
u1 =
1√
6

 2−1
−1

 (28)
is exactly the same G of a model predicting full TBM.
The findings of [7, 8] outlined in subsection 3.2, and their corollaries in this subsection,
on the minimal family-symmetry groups capable of leading to specific mixing patterns,
come unexpected because they do not seem to be realized in existing models, as can be
noticed by visiting the literature on bimaximal mixing—see [19] for recent models and
the references therein for older ones—trimaximal mixing [20] and especially tri-bimaximal
mixing—see [5, 16, 21, 22] and the reviews in [3]. It also seems strange that models
based on S4 may, depending on unspecified circumstances, produce either TBM or simply
equation (28); notice that in the latter case the phenomenology of lepton mixing can differ
substantially from that of TBM [23].
4 Two TBM models which contradict Lam’s claim
In this section we reconsider two renormalizable non-supersymmetric models, one of them
based on a horizontal-symmetry group A4 and the other one on S4, which predict TBM
without recourse to the tuning of parameters. We focus on the symmetry structure of
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those models and, in particular, show that some of the symmetries of the mass matrices
are not symmetries of the Lagrangian. We do not consider the scalar potentials that may,
in each case, lead to the required vacuum states; those issues have been addressed in the
original papers.
4.1 A model based on A4
The model of He, Keum and Volkas (HKV) [5] has horizontal symmetry A4. The finite
group A4 is generated by two transformations A and B satisfying (see e.g. [24])
A2 = B3 = (AB)3 = e, (29)
where e is the identity transformation. It has three singlet irreps
1j : A→ 1, B → ωj, (30)
for j = 0, 1, 2 (10 is the trivial representation). The only faithful irrep of A4 is
3 : A→ G2, B → F. (31)
As we will see, this basis of the 3 has the advantage of leading to a diagonal Mℓ in the
HKV model; note that in the original paper [5] a different basis was used. If (a1, b1, c1)
and (a2, b2, c2) each transform as a 3 of A4, then [24]
a1a2 + b1c2 + b2c1 is a 10, (32)
b1b2 + a1c2 + a2c1 is a 11, (33)
c1c2 + a1b2 + a2b1 is a 12, (34)
(2a1a2 − b1c2 − b2c1, 2c1c2 − a1b2 − a2b1, 2b1b2 − a1c2 − a2c1) is a 3. (35)
The HKV model is a type-I-seesaw model with three right-handed neutrinos νjR (j =
1, 2, 3). The scalar sector comprehends four Higgs doublets φk (k = 0, 1, 2, 3) and three
complex gauge singlets χj . The HKV model has an auxiliary symmetry Z2 under which
the νjR and φ0 change sign;
5 the purpose of this Z2 is to allow the right-handed neutrinos
to have Yukawa couplings only to the doublet φ0. The multiplets of A4 × Z2 used in the
HKV model are given in table 1 (the DαL are the left-handed-lepton gauge doublets).
The Majorana mass term of the right-handed neutrino singlets is
LMajorana = −m
2
(
ν¯1RCν¯
T
1R + ν¯2RCν¯
T
3R + ν¯3RCν¯
T
2R
)
+H.c. (36)
The Lagrangian of Yukawa couplings is
LYukawa = −y1
(
D¯eLν1R + D¯µLν2R + D¯τLν3R
)
(iτ2φ
∗
0)
−y2
(
D¯eLφ1 + D¯µLφ2 + D¯τLφ3
)
eR
−y3
(
D¯τLφ2 + D¯eLφ3 + D¯µLφ1
)
µR
5In the original paper [5] HKV actually used a U(1) auxiliary symmetry. The exact form of the
auxiliary symmetry is, however, immaterial for our purposes here.
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irrep A4 Z2(
D¯eL, D¯τL, D¯µL
)
3 1
(ν1R, ν2R, ν3R) 3 −1
eR 10 1
µR 12 1
τR 11 1
φ0 10 −1
(φ1, φ2, φ3) 3 1
(χ1, χ2, χ3) 3 1
Table 1: Multiplets of the HKV model.
−y4
(
D¯µLφ3 + D¯eLφ2 + D¯τLφ1
)
τR
−1
2
(y5χ1 + y6χ
∗
1)
(
2ν¯1RCν¯
T
1R − ν¯2RCν¯T3R − ν¯3RCν¯T2R
)
−1
2
(y5χ3 + y6χ
∗
2)
(
2ν¯2RCν¯
T
2R − ν¯1RCν¯T3R − ν¯3RCν¯T1R
)
−1
2
(y5χ2 + y6χ
∗
3)
(
2ν¯3RCν¯
T
3R − ν¯1RCν¯T2R − ν¯2RCν¯T1R
)
+H.c. (37)
Let vk denote the VEV of φ
0
k. The neutrino Dirac mass matrix is proportional to the
unit matrix: MD = y
∗
1v013. If v2 and v3 vanish, then the charged-lepton mass matrix is
diagonal, with me = |y2v1|, mµ = |y3v1| and mτ = |y4v1|. On the other hand, if the VEVs
of the χj are all equal, i.e. if 〈χ1〉0 = 〈χ2〉0 = 〈χ3〉0 ≡ u, then the right-handed-neutrino
Majorana mass matrix is
MR =


m+ 2m′ −m′ −m′
−m′ 2m′ m−m′
−m′ m−m′ 2m′

 , (38)
where m′ ≡ y5u + y6u∗. Using MD ∝ 13 and the seesaw formula Mν = −MTDM−1R MD,
we find that the effective light-neutrino mass matrix6 Mν ∝ M−1R . Since MR is of the
required form to generate TBM, M−1R is of that form too, so this model predicts TBM as
long as the vacuum state is of the assumed form.7
We now ponder whether S4 might be a symmetry group of the HKV model. Since the
charged-lepton mass matrix is diagonal, we may directly apply the reasoning of subsec-
tions 3.1 and 3.2. The matrix MR is invariant under MR → GTMRG for either G = G2 or
G = −G3. The matrix Hℓ is invariant under Hℓ → F †HℓF . According to equation (31)
and table 1, G2 and F may be extended to the transformations A and B, respectively,
which generate the symmetry group A4 of the Lagrangian. Since G2 together with −G3
6Incidentally, the same mass matrix Mν following from the HKV model has also been obtained in two
other and totally different A4 models [21, 25].
7In [5] it has been shown that there is a range of the parameters of the scalar potential such that the
desired VEVs constitute a global minimum, provided CP is conserved.
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irrep S4 Z4(
D¯eL, D¯µL, D¯τL
)
3 1
(ν1R, ν2R, ν3R) 3 1
(ν4R, ν5R) 2 i
(eR, µR, τR) 3 −1
φ0 1 1
φ1 1 −1
(φ2, φ3) 2 −1
(χ, χ∗) 2 −1
Table 2: Multiplets of the S4-based model.
and F generate the irrep 3 of S4, we only have to check whether one may extend −G3 to
a symmetry of the whole Lagrangian. The obvious extension of −G3 is
G : D¯µL ↔ D¯τL, ν2R ↔ ν3R, µR ↔ τR, φ2 ↔ φ3, χ2 ↔ χ3. (39)
If this G were a symmetry of the Lagrangian then the HKV model would indeed possess
full S4 symmetry. However, we see from equation (37) that this would necessitate y3 = y4
and, as a consequence, mµ = mτ , which is clearly unacceptable. Therefore −G3 cannot be
extended to become a symmetry of the HKV Lagrangian and the HKV model possesses
A4 but not S4 symmetry. The symmetries of the mass matrix Mν are indeed symmetries
of the terms with coefficients m, y5 and y6 in the Lagrangian, but they are not and cannot
be symmetries of the full Lagrangian. This constitutes a counterexample to the argument
in [7, 8].
4.2 A model based on S4
This model was proposed in [22]. In its original version the symmetry group used was
quite large. We shall present here a simplified version based on a horizontal-symmetry
group S4 × Z4.
This is a type-I-seesaw model with five right-handed neutrinos ν1R, . . . , ν5R; these are
placed in a 3 and a 2 of S4. There are four Higgs doublets φ0, . . . , φ3 and one complex
scalar singlet χ, the two real components of which form a 2 of S4. We use for the irreps
of S4 the bases given in Appendix A. The multiplets of the model are given in table 2.
A crucial feature of the model is the soft breaking of the horizontal symmetries. The
dimension-4 terms in the Lagrangian preserve S4. The dimension-3 terms break S4 softly
to its subgroup S3. The dimension-2 terms break S3 softly to its subgroup S2, the µ–τ
interchange symmetry. This S2 is broken only spontaneously at the Fermi scale. Indeed,
at the seesaw scale χ gets a real VEV 〈χ〉0 ≡ u, which does not break the S2 symmetry
χ↔ χ∗. At the Fermi scale, on the other hand, φ2 and φ3 acquire different VEVs, thereby
breaking the µ–τ interchange symmetry.
The auxiliary symmetry Z4 is softly broken already by the terms of dimension three.
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The Yukawa couplings have dimension four and therefore respect the full horizontal
symmetry:
LYukawa = −y1
(
D¯eLν1R + D¯µLν2R + D¯τLν3R
)
(iτ2φ
∗
0)
−y2
(
D¯eLeR + D¯µLµR + D¯τLτR
)
φ1
−y3
[(
D¯eLeR + ω
2D¯µLµR + ωD¯τLτR
)
φ2
+
(
D¯eLeR + ωD¯µLµR + ω
2D¯τLτR
)
φ3
]
−y4
2
(
ν¯4RCν¯
T
4Rχ
∗ + ν¯5RCν¯
T
5Rχ
)
+H.c. (40)
The symmetry Z4 forbids Yukawa couplings of the φj as well as of χ and χ
∗ to the νkR
for j, k = 1, 2, 3. The charged-lepton Yukawa couplings are flavour-diagonal because there
are no Higgs doublets in triplets of S4. When the Higgs doublets get VEVs 〈φ0k〉0 = vk,
the charged leptons acquire masses:
me = |y2v1 + y3 (v2 + v3)| , (41)
mµ =
∣∣y2v1 + y3 (ω2v2 + ωv3)∣∣ , (42)
mτ =
∣∣y2v1 + y3 (ωv2 + ω2v3)∣∣ . (43)
Since the µ–τ interchange symmetry is broken at the Fermi scale, v2 6= v3 and this leads
to mµ and mτ being different.
The neutrino Dirac mass matrix MD is a 5 × 3 matrix; its upper 3 × 3 block is
proportional to the unit matrix, with proportionality coefficient y∗1v0; the lower 2 × 3
block is a null matrix.
The Majorana mass terms of the right-handed neutrinos have dimension three and
therefore respect S3 but not S4. They are
LMajorana = −M0
2
(
ν¯1RCν¯
T
1R + ν¯2RCν¯
T
2R + ν¯3RCν¯
T
3R
)
−M1
(
ν¯1RCν¯
T
2R + ν¯2RCν¯
T
3R + ν¯3RCν¯
T
1R
)
−M2ν¯4RCν¯T5R
−M3
[(
ν¯1R + ω
2ν¯2R + ων¯3R
)
Cν¯T5R
+
(
ν¯1R + ων¯2R + ω
2ν¯3R
)
Cν¯T4R
]
+H.c. (44)
(We remind the reader that the symmetry Z4 is broken softly at dimension three.) The
resulting 5× 5 right-handed-neutrino Majorana mass matrix is
MR =


M0 M1 M1 M3 M3
M1 M0 M1 ωM3 ω
2M3
M1 M1 M0 ω
2M3 ωM3
M3 ωM3 ω
2M3 y4u M2
M3 ω
2M3 ωM3 M2 y4u


. (45)
It is easy to convince oneself thatMν = −MTDM−1R MD has the structure to be diagonalized
by UHPS [22].
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One can check that GˆTj MRGˆj = MR, with 5× 5 real orthogonal matrices Gˆj given by
Gˆ1 =
(
G1 0
0 τ1
)
, Gˆ2 =
(
−G2 0
0 12
)
, Gˆ3 =
(
−G3 0
0 τ1
)
, (46)
where 0 denotes the 3 × 2 or 2 × 3 null matrix and τ1 is the first Pauli matrix. The
matrices Gˆj form a Klein four-group. It is easy to see that the last transformation in
equation (46), viz.
ν2R ↔ ν3R, ν4R ↔ ν5R, DµL ↔ DτL, µR ↔ τR, φ2 ↔ φ3, χ↔ χ∗ (47)
is a symmetry of the Lagrangian (it is indeed part of its defining symmetry group S4),
but the first two transformations in equation (46) cannot be extended to symmetries of
the full Lagrangian—for a mathematical proof see Appendix B. Therefore we find in this
model that, once again, the symmetries of the mass matrices are not symmetries of the
Lagrangian.
5 Conclusions
We summarize here the arguments that we have found against S4 being the unique
horizontal-symmetry group for tri-bimaximal mixing:
• Using exactly the same arguments as employed in [7, 8], one would find—as demon-
strated in section 3.3—that S4 is the horizontal-symmetry group of any model lead-
ing to a lepton mixing matrix whose first column u1 is given by equation (28),
contradicting the claim that S4 is the symmetry of the full TBM.
• In section 4.1 we have reconsidered the HKV model [5], which has a horizontal-
symmetry group A4 generated by the G2 in equation (20) and the F of equation (23).
We have found that in that model the symmetry G3 of the mass matrix Mν is not
a symmetry of the full Lagrangian. Therefore, the HKV model is a true A4 model
and not an S4 model, in contradiction with the claim of [7, 8].
• In section 4.2 we have rewritten the model of [22] in terms of a horizontal-symmetry
group S4. However, this symmetry group S4 is not realized in the way described
in [7, 8], because the symmetry Gˆ2 [see equation (46)] of Mν is not a symmetry of
the full Lagrangian.
There is precisely one reason why the argumentation in [7, 8] fails: the symmetries
of the mass matrices are not in general residues of the complete horizontal-symmetry
group of the Lagrangian. Specific properties of the mass matrices are determined by
the symmetries in the Lagrangian, but the symmetries of the mass matrices always exist
trivially and are nothing more than expressions of their diagonalizability.
We also want to emphasize that it may happen that a TBM model can be interpreted
in terms of different horizontal-symmetry groups, provided they all have the irreps and
Clebsch–Gordan coefficients needed for the construction of the model. An example for
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this is the model of [22] in its original version; although the different possible horizontal-
symmetry groups—the simplest of which is an extension of ∆(54)—do not all lead to
exactly the same Lagrangian, the terms in which they differ reside exclusively in the
scalar potential and are irrelevant for TBM. Thus, the group S4 is not special for TBM,
it is simply one of many groups with which TBM models can be constructed.
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Appendix A
Since S4 figures prominently in [6, 7, 8], we discuss its structure in detail. Consider the
two sets of matrices
K = {13, diag (1,−1,−1) , diag (−1, 1,−1) , diag (−1,−1, 1)} , (A1)
S =

13,

 0 1 00 0 1
1 0 0

 ,

 0 0 11 0 0
0 1 0

 ,


1 0 0
0 0 1
0 1 0

 ,


0 0 1
0 1 0
1 0 0

 ,


0 1 0
1 0 0
0 0 1



 . (A2)
Obviously, K is a representation of Klein’s four-group and S is the defining reducible
representation of S3, the permutation group of three elements. We note that
sks−1 ∈ K ∀k ∈ K, s ∈ S. (A3)
S4 may be viewed as the semidirect product K ⋊ S [26], i.e.
S4 = {(k, s) | k ∈ K, s ∈ S} , (A4)
with the usual multiplication rule for semidirect products:
(k1, s1) (k2, s2) =
(
k1s1k2s
−1
1 , s1s2
)
. (A5)
Since K has four elements and S has six elements, S4 has 4 × 6 = 24 elements. The
structure S4 ∼= K ⋊ S3 implies S4 ∼= ∆(24) [26] and S3 ∼= S4/K. Therefore, all the irreps
of S3 can be extended to irreps of S4. In particular, S4 has the doublet irrep
2 : (k, s)→ D2 (s) , (A6)
where D2 (s) is the doublet irrep of S3, namely

1 0 0
0 0 1
0 1 0

→
(
0 1
1 0
)
,


0 0 1
0 1 0
1 0 0

→
(
0 ω2
ω 0
)
, (A7)
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where ω ≡ exp (2iπ/3). The group S4 also has, besides the trivial representation 1,
another singlet irrep
1′ : (k, s)→ det s, (A8)
which is also an irrep of S3. Finally, S4 has two triplet irreps,
3 : (k, s)→ ks, (A9)
3′ : (k, s)→ ks (det s) . (A10)
All the matrices of the 3′ have determinant +1 and belong to SO(3). By contrast, the
matrices of the 3 which represent odd permutations of S4 have determinant −1.
Since 12 + 12 + 22 + 32 + 32 = 24, these are all the irreps of S4.
One may use the matrices of the 3 to represent the permutations of the four numbers
1, 2, 3 and 4 in the following way:
(12) (34)→ diag (1,−1,−1) ,
(13) (24)→ diag (−1, 1,−1) ,
(14) (23)→ diag (−1,−1, 1) ,
(34)→


1 0 0
0 0 1
0 1 0

 , (24)→


0 0 1
0 1 0
1 0 0

 , (23)→


0 1 0
1 0 0
0 0 1

 .
(A11)
It is clear in this representation that the matrices of S represent the permutation group
S3 of the numbers 2, 3 and 4. The matrices of K allow one to additionally represent the
permutations of S4 which involve the number 1.
As a side remark, from the above discussion of S4 it also follows that A4 ∼= K ⋊Z3 ∼=
∆(12), where A4 is the group of the even permutations of four numbers.
Appendix B
Let DL, ℓR and φ denote the column vectors formed by, respectively, the fields DαL (α =
e, µ, τ), αR and φj (j = 1, 2, 3). We want to prove that the tranformation DL → G2DL,
with G2 given in equation (20), cannot be extended to ℓR and φ in such a way that it
constitutes a symmetry of the Yukawa couplings in equation (40). Those couplings may
be written
D¯L
(∑
j
Γjφj
)
ℓR, (B1)
with diagonal coupling matrices
Γ1 = y213, Γ2 = y3 diag
(
1, ω2, ω
)
, Γ3 = y3 diag
(
1, ω, ω2
)
. (B2)
We assume that there is a symmetry transformation of the Yukawa couplings (B1) given
by
DL → G2DL, ℓR → PℓR, φ→ Qφ, (B3)
14
with 3× 3 unitary matrices P and Q. Then we obtain the invariance condition∑
j
(G2ΓjP )Qjk = Γk. (B4)
Shifting Q to the right-hand side and multiplying the resulting equation with its Hermitian
conjugate, we arrive at
G2ΓpΓ
†
qG2 =
∑
j,k
ΓjΓ
†
k Q
∗
pjQqk. (B5)
Since the right-hand side of this equation is a sum of diagonal matrices, we find that
G2ΓpΓ
†
qG2 is diagonal for all indices p and q. It is easy to check that this is possible
only if y3 = 0, which leads to degenerate charged leptons. Therefore, no reasonable
symmetry (B3) exists.
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